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Abstract

In this paper, we prove a common fixed point theorem for a pair of
self mappings satisfying a general contractive condition of exponential
type in complete metric spaces. Our results extend and improve the
results of Sharma and Ojha [1].

1. Introduction

The first well known result on fixed points for a contractive mapping was
Banach’s fixed point theorems, published in 1922 (see [2, 3]). In general
setting of complete metric space, Smart [4] presented the following result as
well as [9, 10]:
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Theorem 1.1. Let (X, d) be a complete metric space, c € [0, 1) and let
T : X > X be amapping such that for each x, y € X,

d(Tx, Ty) < cd(x, y).

Then T has a unique fixed point z € X such that for each x € X,

lim 7"x = z.
n—»o0

After this classical result, many theorems dealing with maps satisfying
various types of contractive inequalities have been established (see [5-8],
[12-16]). Sharma and Ojha [1] generalized the result of Banach’s fixed point

by introducing the following theorem:
Theorem 1.2. Let (X, d) be a complete metric space, ¢ € [0, 1) and let

T :X —> X beamap such that for every x, y € X,

ed(Txa Ty) S Ced(x’ y),

where e: R, — R, is a Lebesgue-integrable map which is summable,

positive and such that e® > 0 for each € > 0. Then T has a unique fixed

point z € X and for each, lim T"x = z.
n—»©

The main object of this paper is to obtain some results for a pair of self
maps satisfying a general contractive condition of exponential type for four

mappings.

Definition 1.3 [9]. Let f and g be two mappings from a metric space
(X, d) into itself. Then maps f'and g are called:

(1) weakly compatible if they commute at their coincidence point, i.e.,

fx = gx forsome x € X implies fgx = gfx.
(ii) compatible if

lim d(fgxna gﬁcn) =0,
n—>o0
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whenever {x,} is a sequence such that

lim fx, = lim gx, =¢,
n— n—©

for some ¢ in X.
(iii) commuting if
fox = gfx Vx e X.

Definition 1.4 [9]. Let fand g be two mappings on a set X. If fx = gx

for some x in X, then x is called coincidence point of fand g:

2. Main Results

We begin with the following theorem:

Theorem 2.1. Let (X, d) be a complete metric space. Let a; (i =1, 2,

5

3, 4, 5) be nonnegative real numbers satisfying Za,- <L, 1, Ir, fand g
i=1

are four self maps of X satisfying the following conditions:

() T1(X) = f(X) and Ty(X) c g(X),
(ii) the pairs (T,, f) and (T, g) are weakly compatible,
(i)
Ax. Thy) o aled(ﬁf, &) L azed(fx’ Tix)

+ a3ed(gy’ sz) + a4ed(fx’ sz) + ased(gya Tlx)’ (1)

where e : R, — R, is a Lebesgue-integrable map which is summable, non-

negative and such that e* > 0 for each € > 0. Then Tj, T, fand g have a

unique common fixed point z € X.
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Proof. Suppose that x is an arbitrary point of X and define the sequence

{y,} in X such that
Vn = Dxy = grpyy and Y, = 11,00 = fiygo. (2)
By interchanging x with y, 7 with 7, and f'with g, we obtain
A i) < g ey 1) 4 ) (202 T2y)
+ azed O Ti%) 4 g, o (@0 T1%) 4 g @ (5 T2Y) 3)

Now from (1), (3) and using symmetric property, we have

AT Ty) < g d(feog) (%) A Tix) (%j (2. T2y)
N (#) ATy (042&) (2, Tix). @)

Using (4), for even n, we obtain

ed(yn,ynJrl) - ed(TlxnaTZXnJrl)

< aled(fxnsgxn-#l) + (az ;a:i)ed(fxnyTlxn)

+ (az ; a3)ed(gxn+1»T2Xn+1)

N (614 ; as)ed(ﬁcn,sznJrl) n (a4 ; aSjed(gansTlxn).

From (2), we can write

AUm ) < g @ n-1:3n) +(a2 ;“3 jed(yn—le’n) +(a2 sza3 jed(YnsynH)

+ (“4 ; aSjed(J’n—la)’nH) + (%)ed(yn,yn).
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Again, applying (4), for even n, we obtain

ed(ynayn+l) — ed(TZXnaTlan)

< aled(fxnagxn-H) + (aZ ;a3)ed(fxnaTlxn)
+ (02 er 03)ed(gxn+1,T2xn+1)

+ (04 ;f as)ed(fxn,sznﬂ) + (04 ;f “Sjed(gxnﬂ,Tlxn).

By (2), we have
AOm i) < g @On-127n) 4 (%Tw)ed()%layn)
+ (Mj oA nyurt) (M)ed(ynl’ynﬂ)
2 2
+ (%jed(yn,yn)_

The above two inequalities yields,

AWnni1) < g oWn-1o0m) 4 (“2 ;a3jed(YnlaYn)
L[ 92183 ) dypyner) [ 94T 95 d(yats vne)
2 2
N (%Tws) oA n)
< aled(J’n—layn) + (612 ;a3jed(Yn—layn)

+ (dz ;a3)ed(Ynayn+1) + (614 ;— as)ed(ynl,Yn)

+ (a4 ;asjed(yn’yn+1)
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It follows that

AWn i) ¢ 201+ ap + a3 +aq +as d(y,1.y,)
2—612—(,13—614—(15

— red(yn—layn)

P W150) 50 as 1 — oo,

IA

5
since r < 1, owing to the assumption Zai < 1. Therefore
i=1
lim d(yna yn+l) =0. Q)
n—>®0
Now, we show that {y,} is a Cauchy sequence in X. Let m > n where

m, n € N without any loss of concepts, here two cases arises:

Case 1. We choose n and m to be odd and even respectively, then we
have

ed(J’naym) - ed(Tlxn’TZXm)

IN

aje? P> &m) o g o4 Tixn) - g o (&5m> T2 ¥m)
+ agedBnoT2xm) o g oo (&5mTixn)

< ape?On—tym-1) 4 g o dWnt:0n) 4 a3ed(ym_1,ym)
+ agedWn-t:2m) 4 gem=1>n),

Case 2. We choose n and m to be even and odd respectively, then we
have

ed(ynaJ/m) — ed(TZXnaTlxm)

IA

aled(ﬁcnagxm) + azed(fxnaTlxn) + a3ed(gxn15T2xm)
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" a4ed(ﬁcn’T2xm) " ased(gxm,Tlxn)
< a1 On-1m1) o g dn-1:30) o goedm-t:vm)
" a4ed(yn—]aym) n ased(Ym—layn).
From the above two cases, we get
A n>rm) < aled(J’nflvymfl) + azed(yn—l’yn) + a3ed(J/m—1’ym)
" a4ed(yn—1,ym) n ased(ym_l,yn)
< aled(J’n—l’Yn) + aled(yn,ym) + aled(ym—laym)
+ age?On-1-0n) 4 ased(Ym—l’ym)

+age?On-12n) 4 g, e4Onim) 4 godOm-t9m) o o o@mo )

<[ St ataq ) d(yp-r,yn) ([ Td21ds ) d(ym-1.3m)
B 1—01—614—615 1—01—04—05

< 17 1ed01:30) 4 m=1,d(1530) 0 a5y m > oo,

Hence {y,} is a Cauchy sequence in a complete metric space X, so it is

convergent in X. Let its limit be z, i.e., lim y, = z. Hence
n—>

lim Tyx, = lim gx,,; = lim Tjx,, = lim fi, , = z. (6)
n—»>0 n—»0 n—»>© n—»

Since T1(X) < f(X), there exists a point u € X such that z = fu. Then

from (1), we get

An 1) A (Mxne, Tot) < g @ inato ) 4 g @ it Tiknat)

+ a3ed(gu,T2u) + a4ed(ﬁcﬂ+1’T2u) + ased(gu’Tlxl’H-l).
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Taking the limit as n — oo and by (6), we have

AT ¢ g o) o g d212) gl Ton) |y (T g d(u2)

Saled(z,gu)_+_aSed(gu,z)_+_a3€d(z,T2u)_}_a4€d(z,T2u)_,r_a5ed(gu,z)

< (al +as + as jed(z, gu)’ (7)

1- asz + as
the inequality (7) is valid if
o4 (z,

24) = 0 implies z = Tyu,

so z = Thu = fu. Hence u is a coincidence point of f'and 7,. Since the pair

(f, T,) is weakly compatible,

T, fu = fThu implies Tz = fz. ®)

Again, since T,(X) < g(X), there exists a point v € X such that z = gv.
Then by (1) and applied the same above steps, we can find that 7jv = z, so

z = T1v = gv. Hence v is a coincidence point of g and 7j.
Also, the pair of maps 7; and g are weakly compatible, i.e.,
gTv = Tigv implies gz = 1z. )]
Now, we show that z is a fixed point of 75, by using (1), we have
d(@hz) _ d(Nixyi1,1z) o aled(ﬁ‘nﬂagz) + azed(fxn+l>Tlxn+l)
" a3ed(gz, Tz) | a4ed(fxn+1=T2Z) " aSed(gZ‘ TiXp41).

Taking the limit as n — oo, we get

ed(z,Tzz) < aled(z,gz) +azed(z,z) +a3ed(gz,T22)

" a4ed(z, Tz) n ased(gz,z)
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< aled(z,gz) n a3ed(gz,z) + a3ed(z,T2z) + a4ed(z,T2z) + ased(gz,z)
5 (ﬁy( €) < ol @) o ), (10)
the inequality (10) is valid if
= 127) — 0 implies z = Tsz.
Applying (8), it follows that
z =Tz = fz. (11)
Also, by the same way we can show that z is a fixed point of 77, hence
z = Tjz from (9) we can write
z =11z = gz. (12)
From (12) and (11), we obtain that
z=Tz=fz=Tz=gz
Therefore z is a common fixed point of 73, 75, fand g.

For uniqueness of z let if possible that z and w are common fixed points

of Ty, T, fand g such that (w # z), from (1), we have
A@w) 2 ANz Tow) ¢ g od(fgw) | (AUETIZ) 4 g e Tow)
+ age? B T2w) 4 goed(ew.Tiz)
d(z,z) d(w,w)

d(z,w) d(w,z)

IN

aled(z’ w) + ape + asze + aqe + ase

d(z,w)

IA

(a; + a4 + as)e
_ red(z,w)

which is a contradiction (sincer < 1), so z = w, i.e., z is a unique common

fixed point of 7, 75, fand g. This completes the proof.

Ifwe put f = g in the above theorem, we get the following corollary:
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Corollary 2.1. Let (X, d) be a complete metric space and a; (i =1, 2,

5
3, 4, 5) be nonnegative real numbers satisfying Zai <1, T}, T, and f are
i=l

self maps on X satisfying the following conditions:
() Ti(X) < f(X) and Th(X) < f(X),
(ii) the pairs (T5, f) and (Ty, f) are weakly compatible,
(i)
AR T2y) < g AU ) 4 g @ Ti) o o od (2 T2)

+ aged o T2y) 4 e (B T1%),

Then Ty, T, and f have a unique common fixed point z € X.

Corollary 2.2. Let (X, d) be a complete metric space and a, b, ¢ be
positive real numbers satisfying a + b +c <1, T}, T5, fand g are four self

maps of X satisfying the following conditions:
() [i(X) ¢ f(X) and Ty(X) < g(X),
(ii) the pairs (T5, f) and (T}, g) are weakly compatible,
(iii)
AT Ty) o o d(fegy) | pd(feTix) | ,d(ey: Tay)
Then Ty, T, fand g have a unique common fixed point z € X.

Proof. The result follows immediately from Theorem 2.1, by taking
ag =a5=0,a;, =a,a, =b and a3 = c.
Corollary 2.3. Let (X, d) be a complete metric space and a, b, ¢ be

positive real numbers satisfying a +b+c <1, 11, T, fand g are four self

maps on X satisfying the following conditions:

() Ti(X) < f(X) and T,(X) < g(X),
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(ii) the pair (T,, f) and (T}, g) are weakly compatible,

(iif)

ANxToy) o od(fe.gy) | ppd(feT2y) | .4(2y. Tix)

Then Ty, T, fand g have a unique common fixed point z € X.

Proof. Taking ay = a3 =0,a; =a,a4 =b and as = ¢ in Theorem

2.1, we get the proof.

Remark. If we take f = g = [ (where [ is the identity mapping), 77 =

Th =T,ap =a3=a4 =a5 =0 and a; = ¢, 0 < ¢ <1 in Theorem 2.1, we

obtain Theorem 1.2.
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