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Abstract 

In this paper, we prove a common fixed point theorem for a pair of 
self mappings satisfying a general contractive condition of exponential 
type in complete metric spaces. Our results extend and improve the 
results of Sharma and Ojha [1]. 

1. Introduction 

The first well known result on fixed points for a contractive mapping was 
Banach’s fixed point theorems, published in 1922 (see [2, 3]). In general 
setting of complete metric space, Smart [4] presented the following result as 
well as [9, 10]: 
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Theorem 1.1. Let ( )dX ,  be a complete metric space, [ )1,0∈c  and let 

XXT →:  be a mapping such that for each ,, Xyx ∈  

( ) ( ).,, yxcdTyTxd ≤  

Then T has a unique fixed point Xz ∈  such that for each ,Xx ∈  

.lim zxT n
n

=
∞→

 

After this classical result, many theorems dealing with maps satisfying 
various types of contractive inequalities have been established (see [5-8], 
[12-16]). Sharma and Ojha [1] generalized the result of Banach’s fixed point 
by introducing the following theorem: 

Theorem 1.2. Let ( )dX ,  be a complete metric space, [ )1,0∈c  and let 

XXT →:  be a map such that for every ,, Xyx ∈  

( ) ( ),,, yxdTyTxd cee ≤  

where ++ → RRe :  is a Lebesgue-integrable map which is summable, 

positive and such that 0>εe  for each .0>ε  Then T has a unique fixed 

point Xz ∈  and for each, .lim zxT n
n

=
∞→

 

The main object of this paper is to obtain some results for a pair of self 
maps satisfying a general contractive condition of exponential type for four 
mappings. 

Definition 1.3 [9]. Let f and g be two mappings from a metric space 
( )dX ,  into itself. Then maps f and g are called: 

(i) weakly compatible if they commute at their coincidence point, i.e., 
gxfx =  for some Xx ∈  implies .gfxfgx =  

(ii) compatible if 

( ) ,0,lim =
∞→

nn
n

gfxfgxd  
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whenever { }nx  is a sequence such that 

,limlim tgxfx n
n

n
n

==
∞→∞→

 

for some t in X. 

(iii) commuting if 

.Xxgfxfgx ∈∀=  

Definition 1.4 [9]. Let f and g be two mappings on a set X. If gxfx =  

for some x in X, then x is called coincidence point of f and g: 

2. Main Results 

We begin with the following theorem: 

Theorem 2.1. Let ( )dX ,  be a complete metric space. Let ( ,2,1=iai  

)5,4,3  be nonnegative real numbers satisfying ∑
=

<
5

1
,1

i
ia  ,1T  ,2T  f and g 

are four self maps of X satisfying the following conditions: 

  (i) ( ) ( )XfXT ⊆1  and ( ) ( ),2 XgXT ⊆  

 (ii) the pairs ( )fT ,2  and ( )gT ,1  are weakly compatible, 

(iii) 

( ) ( ) ( )xTfxdgyfxdyTxTd eaeae 121 ,
2

,
1

, +≤  

( ) ( ) ( ),122 ,
5

,
4

,
3

xTgydyTfxdyTgyd eaeaea +++  (1) 

where ++ → RRe :  is a Lebesgue-integrable map which is summable, non-

negative and such that 0>εe  for each .0>ε  Then ,, 21 TT  f and g have a 

unique common fixed point .Xz ∈  
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Proof. Suppose that 0x  is an arbitrary point of X and define the sequence 

{ }ny  in X such that 

12 +== nnn gxxTy  and .2111 +++ == nnn fxxTy  (2) 

By interchanging x with y, 1T  with 2T  and f with g, we obtain 

( ) ( ) ( )yTgydfxgydxTyTd eaeae 212 ,
2

,
1

, +≤  

( ) ( ) ( ).211 ,
5

,
4

,
3

yTfxdxTgydxTfxd eaeaea +++  (3) 

Now from (1), (3) and using symmetric property, we have 

( ) ( ) ( ) ( )yTgydxTfxdgyfxdyTxTd eaaeaaeae 2121 ,32,32,
1

,
22 ⎟

⎠
⎞⎜

⎝
⎛ +

+⎟
⎠
⎞⎜

⎝
⎛ +

+≤  

( ) ( ).22
12 ,54,54 xTgydyTfxd eaaeaa

⎟
⎠
⎞⎜

⎝
⎛ +

+⎟
⎠
⎞⎜

⎝
⎛ +

+  (4) 

Using (4), for even n, we obtain 

( ) ( )1211 ,, ++ = nnnn xTxTdyyd ee  

( ) ( )nnnn xTfxdgxfxd eaaea 11 ,32,
1 2 ⎟

⎠
⎞⎜

⎝
⎛ +

+≤ +  

( )121,32
2

++⎟
⎠
⎞⎜

⎝
⎛ +

+ nn xTgxdeaa  

( ) ( ).22
1112 ,54,54 nnnn xTgxdxTfxd eaaeaa ++ ⎟

⎠
⎞⎜

⎝
⎛ +

+⎟
⎠
⎞⎜

⎝
⎛ +

+  

From (2), we can write 

( ) ( ) ( ) ( )1111 ,32,32,
1

,
22

+−−+ ⎟
⎠
⎞

⎜
⎝
⎛ +

+⎟
⎠
⎞

⎜
⎝
⎛ +

+≤ nnnnnnnn yydyydyydyyd eaaeaaeae  

( ) ( ).22
,54,54 11 nnnn yydyyd eaaeaa

⎟
⎠
⎞⎜

⎝
⎛ +

+⎟
⎠
⎞⎜

⎝
⎛ +

+ +−  
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Again, applying (4), for even n, we obtain 

( ) ( )1121 ,, ++ = nnnn xTxTdyyd ee  

( ) ( )nnnn xTfxdgxfxd eaaea 11 ,32,
1 2 ⎟

⎠
⎞⎜

⎝
⎛ +

+≤ +  

( )121,32
2

++⎟
⎠
⎞⎜

⎝
⎛ +

+ nn xTgxdeaa  

( ) ( ).22
1112 ,54,54 nnnn xTgxdxTfxd eaaeaa ++ ⎟

⎠
⎞⎜

⎝
⎛ +

+⎟
⎠
⎞⎜

⎝
⎛ +

+  

By (2), we have 

( ) ( ) ( )nnnnnn yydyydyyd eaaeae ,32,
1

, 111
2

−−+ ⎟
⎠
⎞⎜

⎝
⎛ +

+≤  

( ) ( )111 ,54,32
22

+−+ ⎟
⎠
⎞⎜

⎝
⎛ +

+⎟
⎠
⎞⎜

⎝
⎛ +

+ nnnn yydyyd eaaeaa  

( ).2
,54 nn yydeaa

⎟
⎠
⎞⎜

⎝
⎛ +

+  

The above two inequalities yields, 

( ) ( ) ( )nnnnnn yydyydyyd eaaeae ,32,
1

, 111
2

−−+ ⎟
⎠
⎞⎜

⎝
⎛ +

+≤  

( ) ( )111 ,54,32
22

+−+ ⎟
⎠
⎞⎜

⎝
⎛ +

+⎟
⎠
⎞⎜

⎝
⎛ +

+ nnnn yydyyd eaaeaa  

( )nn yydeaa ,54
2 ⎟

⎠
⎞⎜

⎝
⎛ +

+  

( ) ( )nnnn yydyyd eaaea ,32,
1 11

2
−− ⎟

⎠
⎞⎜

⎝
⎛ +

+≤  

( ) ( )nnnn yydyyd eaaeaa ,54,32 11
22

−+ ⎟
⎠
⎞⎜

⎝
⎛ +

+⎟
⎠
⎞⎜

⎝
⎛ +

+  

( ).2
1,54 +⎟

⎠
⎞⎜

⎝
⎛ +

+ nn yydeaa  
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It follows that 

( ) ( )nnnn yydyyd eaaaa
aaaaae ,
5432

54321, 11
2

2 −+
−−−−
++++

≤  

( )nn yydre ,1−=  

( ) 001, →≤ yydner  as ,∞→n  

since ,1<r  owing to the assumption ∑
=

<
5

1
.1

i
ia  Therefore 

( ) .0,lim 1 =+
∞→

nn
n

yyd  (5) 

Now, we show that { }ny  is a Cauchy sequence in X. Let nm >  where 

Nnm ∈,  without any loss of concepts, here two cases arises: 

Case 1. We choose n and m to be odd and even respectively, then we 
have 

( ) ( )mnmn xTxTdyyd ee 21 ,, =  

( ) ( ) ( )mmnnmn xTgxdxTfxdgxfxd eaeaea 21 ,
3

,
2

,
1 ++≤  

( ) ( )nmmn xTgxdxTfxd eaea 12 ,
5

,
4 ++  

( ) ( ) ( )mmnnmn yydyydyyd eaeaea ,
3

,
2

,
1 1111 −−−− ++≤  

( ) ( ).,
5

,
4 11 nmmn yydyyd eaea −− ++  

Case 2. We choose n and m to be even and odd respectively, then we 
have 

( ) ( )mnmn xTxTdyyd ee 12 ,, =  

( ) ( ) ( )mmnnmn xTgxdxTfxdgxfxd eaeaea 21 ,
3

,
2

,
1 ++≤  
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( ) ( )nmmn xTgxdxTfxd eaea 12 ,
5

,
4 ++  

( ) ( ) ( )mmnnmn yydyydyyd eaeaea ,
3

,
2

,
1 1111 −−−− ++≤  

( ) ( ).,
5

,
4 11 nmmn yydyyd eaea −− ++  

From the above two cases, we get 

( ) ( ) ( ) ( )mmnnmnmn yydyydyydyyd eaeaeae ,
3

,
2

,
1

, 1111 −−−− ++≤  

( ) ( )nmmn yydyyd eaea ,
5

,
4 11 −− ++  

( ) ( ) ( )mmmnnn yydyydyyd eaeaea ,
1

,
1

,
1 11 −− ++≤  

( ) ( )mmnn yydyyd eaea ,
3

,
2 11 −− ++  

( ) ( ) ( ) ( )nmmmmnnn yydyydyydyyd eaeaeaea ,
5

,
5

,
4

,
4 11 ++++ −−  

( ) ( )mmnn yydyyd eaaa
aaaeaaa

aaa ,
541

521,
541

421 11
11

−− ⎟
⎠
⎞⎜

⎝
⎛

−−−
++

+⎟
⎠
⎞⎜

⎝
⎛

−−−
++≤  

( ) ( ) 00101 ,1,1 →+≤ −− yydmyydn erer  as ., ∞→mn  

Hence { }ny  is a Cauchy sequence in a complete metric space X, so it is 

convergent in X. Let its limit be z, i.e., .lim zyn
n

=
∞→

 Hence 

.limlimlimlim 21112 zfxxTgxxT n
n

n
n

n
n

n
n

==== +
∞→

+
∞→

+
∞→∞→

 (6) 

Since ( ) ( ),1 XfXT ⊆  there exists a point Xu ∈  such that .fuz =  Then 

from (1), we get 

( ) ( ) ( ) ( )11112112 ,
2

,
1

,, ++++ +≤= nnnnn xTfxdgufxduTxTduTyd eaeaee  

( ) ( ) ( ).11212 ,
5

,
4

,
3 ++ +++ nn xTguduTfxduTgud eaeaea  
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Taking the limit as ∞→n  and by (6), we have 

( ) ( ) ( ) ( ) ( ) ( )zguduTzduTgudzzdguzduTzd eaeaeaeaeae ,
5

,
4

,
3

,
2

,
1

, 222 ++++≤  

( ) ( ) ( ) ( ) ( )zguduTzduTzdzgudguzd eaeaeaeaea ,
5

,
4

,
3

,
3

,
1 22 ++++≤  

( ) ,
1

,

53

531 guzde
aa
aaa

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+−
++

≤  (7) 

the inequality (7) is valid if 

( ) 02, =uTzde  implies ,2uTz =  

so .2 fuuTz ==  Hence u is a coincidence point of f and .2T  Since the pair 

( )2, Tf  is weakly compatible,  

ufTfuT 22 =  implies .2 fzzT =  (8) 

Again, since ( ) ( ),2 XgXT ⊆  there exists a point Xv ∈  such that .gvz =  

Then by (1) and applied the same above steps, we can find that ,1 zvT =  so 

.1 gvvTz ==  Hence v is a coincidence point of g and .1T  

Also, the pair of maps 1T  and g are weakly compatible, i.e., 

gvTvgT 11 =  implies .1zTgz =  (9) 

Now, we show that z is a fixed point of ,2T  by using (1), we have 

( ) ( ) ( ) ( )11112112 ,
2

,
1

,, ++++ +≤= nnnn xTfxdgzfxdzTxTdzTzd eaeaee  

( ) ( ) ( ).11212 ,
5

,
4

,
3 ++ +++ nn xTgzdzTfxdzTgzd eaeaea  

Taking the limit as ,∞→n  we get 

( ) ( ) ( ) ( )zTgzdzzdgzzdzTzd eaeaeae 22 ,
3

,
2

,
1

, ++≤  

( ) ( )zgzdzTzd eaea ,
5

,
4 2 ++  



A Common Fixed Point Theorem for a Pair of Self Mappings … 133 

( ) ( ) ( ) ( ) ( )zgzdzTzdzTzdzgzdgzzd eaeaeaeaea ,
5

,
4

,
3

,
3

,
1 22 ++++≤  

( ) ( ) ( ) ,
1

,,,

43

531 gzzdgzzdgzzd eree
aa
aaa

<≤⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+−
++

≤  (10) 

the inequality (10) is valid if 

( ) 02, =zTzde  implies .2zTz =  

Applying (8), it follows that 

.2 fzzTz ==  (11) 

Also, by the same way we can show that z is a fixed point of ,1T  hence 

zTz 1=  from (9) we can write 

.1 gzzTz ==  (12) 

From (12) and (11), we obtain that 

.12 gzzTfzzTz ====  

Therefore z is a common fixed point of ,, 21 TT  f and g. 

For uniqueness of z let if possible that z and w are common fixed points 
of ,, 21 TT  f and g such that ( ),zw ≠  from (1), we have 

( ) ( ) ( ) ( ) ( )wTgwdzTfzdgwfzdwTzTdwzd eaeaeaee 2121 ,
3

,
2

,
1

,, ++≤=  
( ) ( )zTgwdwTfzd eaea 12 ,

5
,

4 ++  
( ) ( ) ( ) ( ) ( )zwdwzdwwdzzdwzd eaeaeaeaea ,

5
,

4
,

3
,

2
,

1 ++++≤  

( ) ( )wzdeaaa ,
541 ++≤  

( )wzdre ,=  
( ),, wzde<  

which is a contradiction ( ),1 since <r  so ,wz =  i.e., z is a unique common 

fixed point of ,, 21 TT  f and g. This completes the proof. 

If we put gf =  in the above theorem, we get the following corollary: 
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Corollary 2.1. Let ( )dX ,  be a complete metric space and ( ,2,1=iai  

)5,4,3  be nonnegative real numbers satisfying ∑
=

<
5

1
,1

i
ia  ,1T  2T  and f are 

self maps on X satisfying the following conditions: 

  (i) ( ) ( )XfXT ⊆1  and ( ) ( ),2 XfXT ⊆  

 (ii) the pairs ( )fT ,2  and ( )fT ,1  are weakly compatible, 

(iii)   
( ) ( ) ( ) ( )yTfydxTfxdfyfxdyTxTd eaeaeae 2121 ,

3
,

2
,

1
, ++≤  

( ) ( ).12 ,
5

,
4

xTfydyTfxd eaea ++  

Then 21, TT  and f have a unique common fixed point .Xz ∈  

Corollary 2.2. Let ( )dX ,  be a complete metric space and a, b, c be 

positive real numbers satisfying ,,,1 21 TTcba <++  f and g are four self 

maps of X satisfying the following conditions: 

  (i) ( ) ( )XfXT ⊆1  and ( ) ( ),2 XgXT ⊆  

 (ii) the pairs ( )fT ,2  and ( )gT ,1  are weakly compatible, 

(iii) 

( ) ( ) ( ) ( ).2121 ,,,, yTgydxTfxdgyfxdyTxTd cebeaee ++≤  

Then ,, 21 TT  f and g have a unique common fixed point .Xz ∈  

Proof. The result follows immediately from Theorem 2.1, by taking 
baaaaa ==== 2154 ,,0  and .3 ca =  

Corollary 2.3. Let ( )dX ,  be a complete metric space and a, b, c be 

positive real numbers satisfying ,,,1 21 TTcba <++  f and g are four self 

maps on X satisfying the following conditions: 

  (i) ( ) ( )XfXT ⊆1  and ( ) ( ),2 XgXT ⊆  
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 (ii) the pair ( )fT ,2  and ( )gT ,1  are weakly compatible, 

(iii) 

( ) ( ) ( ) ( )xTgydyTfxdgyfxdyTxTd cebeaee 1221 ,,,, ++≤  

Then ,, 21 TT  f and g have a unique common fixed point .Xz ∈  

Proof. Taking baaaaa ==== 4132 ,,0  and ca =5  in Theorem 

2.1, we get the proof. 

Remark. If we take Igf ==  (where I is the identity mapping), =1T  

0, 54322 ===== aaaaTT  and 10,1 <≤= cca  in Theorem 2.1, we 

obtain Theorem 1.2. 
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